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1. INTRODUCTION

In this paper we consider bounds on the coefficients of algebraic
polynomials which approximate continuous functions on a closed interval
in the uniform norm. IffE C[a, bj, we write Ilfll = maxaCXCb Ij(x)l.

J. D. Stafney [5] proved the following

THEOREM A. Let fE C[O, I], j(O) = O. Let 'TJ > 0 and let (wk)':o be any
sequence of positive numbers with the property W~/k -- 00. Then there exist
polynomials Pn(x) = L:~o ankXk with Iank I < 'TJWk' k = 0, 1,2,... , such that
Ilf - Pn II < 'TJ.

We note, furthermore, that the 'TJ in the inequality Iank I < 'TJWk adds
nothing to Theorem A. Assume, for example, that the theorem was stated
with Iank I < w". Let'TJ > 0 and (w,,) be given. Define

k = 0, I, 2, 3,....

Then we have Ian" I < Uk = 'TJWk' k = 0, I, 2, 3,.... We may always
choose ano = O. Theorem 3 of this paper shows that W~/k -- 00 is not a
necessary condition for the conclusion of Theorem A to hold. On the other
hand, Stafney [5] shows that limk...", W~/k < +00 is not sufficient. Hence, it
is an interesting problem to ask for necessary and sufficient conditions on
the sequence (Wk) for having a theorem like Theorem A.

* This paper extends some results of the author's doctoral dissertation at Syracuse
University. The dissertation was completed while the author was holding a NASA Trainee­
ship under Training Grant Ns G (T)-78, and with partial support of Contract No. AF49
(638)-1401 of OSR, U.S. Air Force. It was directed by Professor G. G. Lorentz, to whom
the author remains grateful for his many valuable suggestions.
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The present paper employs Bernstein polynomials to study this problem.
This gives a simpler approach and some stronger results than Stafney
presents. This method also gives good upper bounds for L:=o Iank I. Also, a
strong result is obtained in the special case where f(x) = 0 on [0, c]
(0 < c ~ I).

2. THE MAIN THEOREMS

We start with the following theorem, which, together with its proof, will be
used below.

THEOREM 1. Suppose a ~ 0 < 1 ~ bandf E qa, b]. IfP..(x) = L.~=o ankxk
is the Bernstein polynomial oforder n off, on [a, b], then,jor n = 1,2,... ,

(
b - a )II Pn - fll ~ Cw f, Vn '

(w is the modulus of continuity offon [a, b].)

Proof (1) is a well-known result (see [2]).
The Bernstein polynomial of order n off is given by

(1)

(2)

By the binomial theorem, we have

(ii)

Substituting (ii) in (i) and rearranging the sum, we have [letting
Znk = k/n(b - a) + a]:

(iii)
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If we let
n

Pn(x) = L ankXk = Bn(f, x),
k=O

we see from (iii) that

n 1 n k n-k n k n - k . .
~o Ia"k I ~ (b _ a)n k~;~ i~ If(Znk) I (Z)()( i ) I a Ik-Ib'

~ Ilfll n t i In) (~) IaIk-/f (n ~ k) bi

(b - a) k=O ;=0 \k ] i=O l

Ilfll n t (n) i (~) Ia Ik-;(l + b)n-k
(b - a) k=O k i=O ]

Ilfll t .(n) (l + Ia J)k(l + b)n-k
(b - a)n k~O k

Ilfll (2 + Ia I + b)n
(b - a)n

Ilfll (2 + b - a)n
(b - a)n

=llfll(l+ b~ar
That is,
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(iv)

Theorem 2 now follows from Theorem 1 by considering the rates of
convergence of Bernstein polynomials ([2], pp. 20, 21).

THEOREM 2. Let ('1}n):=l and {On}:=l be sequences ofpositive numbers such
that On ~ 0 and n1 /2TJn ---+ co. Assume, furthermore, that 0 < "In ~ 2 for all n.
LetfE qo, 1] satisfy f(O) = O. Then there exist polynomials

with the properties:

n

Pn(x) = L an;xi ,
;=0

n = 1,2,3"."

Pn(x) ---+ f(x), uniformly on [0, 1],

ani = 0, for 0 ~ j < n onTJn/2,

n

L I ani I ~ Ilfll (l + "In)".
i=O

(3)

(4)

(5)
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Proof Extend/to a continuous function g on [0, +00), by setting

g(x) = l/(x),
1(1),

o :os;; x :os;; 1,
1 :os;; x.

Then 1 and g have the same norm and the same modulus of continuity w.
For each n, let bn = 2/'1Jn and consider the polynomials

[If On > bn , then define Pix) = 0]. (i)' may be written in terms of the
Bernstein polynomials Bn( g, x) on [0, bnl as

But

Mn ~ (n)' k(b )n-k - M:OS;;!i"L. k x n- X - n,
n k=O

where

So,

for 0 ~ x ~ bn ,

and certainly for 0 :os;; x ~ 1. Clearly, then,

Now,

Ig(x) - Bn(g, x)1 :os;; Cw (;~2)'

But

So,



Hence,
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Moreover, if we write Pn(x) = L:~o ankxk, we see from (i)' that ank = 0 if
k < n (V/nI2. It also follows as in Theorem 1 that

n (2 nL I ank I :(; Ilfll 1 +T) = Ilfll (l + 1)n)n.
k=O n

This proves the theorem.

THEOREM 3. Let f be as in Theorem A. The conclusion is still valid if we
only assume that there exist,for each 1 > 0 > 0 and M > 0, arbitrarily large
N = N(o, M) for which W~/k ~ M if No :(; k :(; N.

Proof Let 1) > 0 be given (l > 1) > 0). Choose 0 (l > 0 > 0) such that
o :(; x < 0 implies I f(x)1 < 1)12. Define

Qn(x) = L f(kln) (~) xk(l - x)n-k
n6~k~n

L bniXi,
n6~i~n

n = 1,2,3,....

By an argument similar to that used in the proof of Theorem 2, we see that

I f(x) - Qn(x)j < 1)

for 0 :(; x :(; 1 and for n sufficiently large, and

n

L I bni I :(; Ilfll 3n,
i=O

It follows from this that

n = 1,2,....

I bni I :(; Ilfll 3i {B if on:(; i :(; n, and if i < on then bni = O. (i)"

Now let n be one of the numbers N(o, M), where M = 2 . 31 {5. Then (i)" gives

if on :(; i :(; n. In addition to the previous assumptions we take n so large that
Ilfl12-Bn < 1). This gives Ibni I :(; 1)Wi , for all i.
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THEOREM 4. LetfE qo, 1] and suppose thatf(x) = 0 on [0, c] (0 < c ~ 1).
Then there is a sequence of polynomials {Pn} (Pn(x) = Lnc<k~n ankxk) such
that

and

uniformly on [0, 1], (6)

Proof Let

I ank I ~ Ilfll 3k/c.

Pix) =Bn(f, x) =I. I(kln) (~) x k(1 _x)n-k
k~O

(7)

be the Bernstein polynomial of order n off Since f(kln) = 0 if (kin) ~ c,
we may write

P,,(x) = L f(kln) (~) xk(l - x)n-k
nc<k~n

If, in Theorem 1, we let b = I, and a = 0, (2) gives

L Ia"k I ~ 1[/113".
nc<k~n

Hence,

Iank I ~ IIII1 3" ~ 11/113k
/
c

for each k with nc < k ~ n.

Remarks

No claim is made that the results contained herein are the best possible.
It is, however, remarkable how one can easily apply the Bernstein polynomials
to the problem and obtain Theorem A as well as some additional information.
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